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Abstract
The gauge equivalent counterparts of the some (1+1)-, or (2+0)- di-
mensional σ-models are found. Also we have proved the equivalence be-
tween the some spin-phonon equations and the Yajima-Oikawa-Ma equa-
tions.
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1 Introduction
Integrable σ - models play important role in the modern theoretical and mathe-
matical physics. They arise in gravity theory, extended supergravity, in theory
of Anderson localization, the Kaluza-Klein theory, in theory of strings, and su-
perstrings. The siplest nonrelativistic version of the σ-model is a continuous
classical spin Heisenberg model or the (2+1)-dimensional isotropic Landau-
Lifshitz equation(LLE)
St = S ∧△S (1)
and its extensions to higher spins and to multidimensions[1]. Then in stationary
limit the LLE (1) coincide with the σ-model equation
△S+ (∇S)2S = 0. (2)
Here
S2 = S23 + r
2(S21 + S
2
2) = E = ±1, (3)
△ =
∂2
∂x2
+α2
∂2
∂y2
, ∇ = i
∂
∂x
+j
∂
∂y
, i2 = 1, j2 = α2, α2 = ±1, r2 = ±1, E = ±1.
(4)
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In this work we consider the some generalizations of the σ-model (2), namely,
the σ-models with potentials.
Let us now we consider the Myrzakulov IX (M-IX) equation [1]
iSt +
1
2
[S,M1S] +A2Sx +A1Sy = 0 (5a)
M2u =
α2
2i
tr(S[Sx, Sy]) (5b)
where α, b, a= consts and
S =
(
S3 rS
−
rS+ −S3
)
, S± = S1 ± iS2 S
2 = EI, r2 = ±1,
M1 = α
2 ∂
2
∂y2
+ 4α(b − a)
∂2
∂x∂y
+ 4(a2 − 2ab− b)
∂2
∂x2
,
M2 = α
2 ∂
2
∂y2
− 2α(2a + 1)
∂2
∂x∂y
+ 4a(a+ 1)
∂2
∂x2
,
A1 = i{α(2b + 1)uy − 2(2ab+ a+ b)ux},
A2 = i{4α
−1(2a2b+ a2 + 2ab+ b)ux − 2(2ab+ a+ b)uy}.
This set of equations arises from the compatibility condition of the following
linear equations[1]
αΦy =
1
2
[S + (2a+ 1)I]Φx (6a)
Φt = 2i[S + (2b+ 1)I]Φxx +WΦx (6b)
with
W = 2i{(2b+1)(F++F−S)+(F+S+F−)+(2b−a+
1
2
)SSx+
1
2
Sx+
α
2
SSy},
F± = A±D, A = i[uy −
2a
α
ux], D = i[
2(a + 1)
α
ux − uy].
It is well known that equation (5) is gauge and Lakshmanan equivalent to
the following Zakharov equation(ZE)[2]
iqt +M1q + vq = 0, (7a)
ipt −M1p− vp = 0, (7b)
M2v = −2M1(pq), (7c)
The Lax representation of this equation has the form
αΨy = B1Ψx +B0Ψ, (8a)
Ψt = iC2Ψxx + C1Ψx + C0Ψ, (8b)
with
B1 =
(
a+ 1 0
0 a
)
, B0 =
(
0 q
p 0
)
2
C2 =
(
b+ 1 0
0 b
)
, C1 =
(
0 iq
ip 0
)
, C0 =
(
c11 c12
c21 c22
)
c12 = i(2b − a+ 1)qx + iαqy, c21 = i(a− 2b)px − iαpy.
Here cjj is the solution of the following equations
(a+1)c11x−αc11y = i[(2b−a+1)(pq)x+α(pq)y], ac22x−αc22y = i[(a−2b)(pq)x−α(pq)y].
(9)
The goal of this work is to explore the some σ-models with potentials deriv-
able from the M-IX equation(5).
2 Gauge equivalence between the some σ-models with
potentials and the Klein-Gordon-type equations
It is interesting to note that the equation(5) admits some reductions in 1+1 or
2+0 dimensions. Let us now consider these reductions.
2.1 The Myrzakulov XXXII (M-XXXII) equation
Suppose that now ν = t is the some ”hidden” parameter, S = S(x, y), u =
u(x, y), q = q(x, y), p = p(x, y), v = v(x, y) and at the same time Φ =
Φ(x, y, ν), Ψ = Ψ(x, y, ν). Then equation (5) reduces to the following σ-model
with potential
M1S + {k1S
2
x + k2SxSy + k3S
2
y}S +A2SSx +A1SSy = 0 (10a)
M2u =
α2
2i
tr(S[Sx, Sy]) (10b)
where M1 we write in the form
M1 = k3
∂2
∂y2
+ k2
∂2
∂x∂y
+ k1
∂2
∂x2
,
which is the compatibility condition Φyν = Φνy of the set (6) and called the
M-XXXII equation[1]. The G-equivalent and L-equivalent counterpartt of this
equation is given by
M1q + vq = 0, M1p+ vp = 0, M2v = −2M1(pq). (11)
This is the some modified complex Klein-Gordon equation (mKGE).
2.2 The Myrzakulov XV (M-XV) equation
Let us consider the case: a = b. Then we obtain the M-XV equation [1]
α2Syy − a(a+ 1)Sxx + {α
2S2y − a(a+ 1)S
2
x}S ++A
′′
2SSx +A
′′
1SSy (12a)
M2u =
α2
2i
tr(S[Sx, Sy]) (12b)
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where A′′j = Aj as a = b. The corressponding mKGE has the form
α2qyy−a(a+1)qxx+ vq = 0, M2v = −2[α
2(| q |2)yy−a(a+1)(| q |
2)xx] (13)
The Lax representations of these equations we obtain from (6) and (8) respec-
tively as a = b.
2.3 The Myrzakulov XIV (M-XIV) equation
Now we consider the reduction: a = −1
2
. Then the equation (10) reduces to
the M-XIV equation[1]
Sxx+2α(2b+1)Sxy+α
2Syy)+{Sxx+2α(2b+1)Sxy+α
2Syy}S+A
′
2SSx+A
′
1SSy = 0
(14a)
α2uyy − uxx =
α2
2i
tr(S[Sx, Sy]) (14b)
where A′j = Aj as a = −
1
2
. The corresponding gauge equivalent equation is
obtained from (11) and looks like
qxx + 2α(2b + 1)qxy + α
2qyy + vq = 0 (15a)
α2vyy − vxx = −2{α
2(pq)yy + 2α(2b + 1)(pq)xy + (pq)xx} (15b)
From (6) and (8) we obtain the Lax representations of (14) and (15) respectively
as a = −1
2
.
2.4 The Myrzakulov XIII (M-XIII) equation
Now let us consider the case: a = b = −1
2
. In this case the equations (10)
reduce to the σ-model
Sxx + α
2Syy + {S
2
x + α
2S2y}S + iuySSx + iuxSSy = 0 (16a)
α2uyy − uxx =
α2
2i
tr(S[Sy, Sx]) (16b)
which is the M-XIII equation[1]. The equivalent counterpart of the equation(16)
is the following equation
qxx + α
2qyy + vq = 0 (17a)
α2vyy − vxx = −2{α
2(pq)yy + (pq)xx} (17b)
that follows from the mKGE(11).
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2.5 The Myrzakulov XII (M-XII) equation
Now let us consider the case: a = b = −1. In this case the equations(10) reduce
to the σ-model - the M-XII equation[1]
SY Y + S
2
Y S + iwSSY = 0 (18a)
wY + wX +
1
4i
tr(S[SX , SY ]) (18b)
where X = 2x, Y = αy, w = −uY
α
. The equivalent counterpart of the
equation(18) is the mKGE
qY Y + vq = 0 (19a)
vX + vY + 2(pq)Y = 0. (19b)
that follows from the (11).
2.6 The Myrzakulov XXXI (M-XXXI) equation
This σ -model equation is read as[1]
bSηη− (b+1)Sξξ]+ {bSηη− (b+1)Sξξ}S+ i(b+1)wηSSη+ ibwξSSξ = 0 (20a)
wξη = −
1
4i
tr(S[Sη, Sξ]) (20b)
which is the M-XXXI equation, where w = −α−1u. The equivalent mKGE
looks like
(1 + b)qξξ − bqηη + vq = 0 (21a)
vξη = −2{(1 + b)(pq)ξξ − b(pq)ηη} (21b)
So we have found the G-equivalent counterparts of the σ-models with po-
tentials.
3 The other (1+1)-dimensional reductions: gauge
equivalence between the M5300-equation and the Yajima-
Oikawa -Ma equation
Let us now we consider the reduction of the M-IX equation (5) as a = b = −1.
We have
iSt +
1
2
[S, SY Y ] + iwSY = 0 (22a)
wX + wY +
1
4i
tr(S[Sx, Sy]) = 0 (22b)
This equation is the Myrzakulov VIII (M-VIII) equation[1]. The G-equivalent
and L-equivalent counterpart of equation (22) is given by
iqt + qY Y + vq = 0, (23a)
ipt − pY Y − vp = 0, (23b)
5
vX + vY + 2(pq)Y = 0. (23c)
Now let us take the case when X = t. Then the M-VIII equation (22) pass
to the following M5300 - equation [1]
iSt +
1
2
[S, SY Y ] + iwSY = 0 (24a)
wt + wY +
1
4
{tr(S2Y )}Y = 0 (24b)
The M5300 - equation (24) was proposed in [1] to describe a nonlinear dynamics
of the compressible magnets (see, Appendix). It is integrable and has the
different soliton solutions[1].
In our case equation (23) becomes
iqt + qY Y + vq = 0, (25a)
ipt − pY Y − vp = 0, (25b)
vt + vY + 2(pq)Y = 0. (25c)
that is the Yajima-Oikawa equation(YOE)[3]. So we have proved that the M5300
- equation (24) and the YOE (25) is gauge equivalent to each other. The Lax
representations of (24) and (25) we can get from (6) and (8) respectively as
a = b = −1( see, for example, the ref.[1]). Note that our Lax representation for
the YOE (25) is different than that which was presented in [3].
Also we would like note that the M-VIII equation (22) we usually write in
the following form
iSt =
1
2
[Sξξ, S] + iwSξ (26a)
wη =
1
4i
tr(S[Sη, Sξ]) (26b)
The gauge equivalent counterpart of this equation is the following ZE[2]
iqt + qξξ + vq = 0, (27a)
vη = −2r
2(q¯q)ξ. (27b)
As η = t equation (26) take the other form of the M5300- equation
iSt =
1
2
[Sξξ, S] + iwSξ (28a)
wt =
1
4i
{tr(S2ξ )}ξ (28b)
Similarly, equation (27) becomes
iqt + qξξ + vq = 0, (29a)
vt = −2r
2(q¯q)ξ, (29b)
which is called the Ma equation and was considered in [4].
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4 Conclusion
We have established the gauge equivalence between the (1+1)-, or (2+0)- dimen-
sional σ-models and the Klein-Gordon type equations. Also we have proved the
equivalence between the some spin-phonon equations and the Yajima-Oikawa-
Ma equations.
5 Appendix: On some soliton equations of compress-
ible magnets
Solitons in magnetically ordered crystals have been widely investigated from
both theoretical and experimental points of view. In particular, the existence
of coupled magnetoelastic solitons in the Heisenberg compressible spin chain
has been extensively demonstrated. In [1] were presented a new classes of inte-
grable and nonintegrable soliton equations of spin systems. Below we present
the some of these nonlinear models of magnets - the some of the Myrzakulov
equations(ME), which describe the nonlinear dynamics of compressible mag-
nets.
5.1 The 0-class of spin-phonon systems
The Myrzakulov equations with the potentials have the form:
the M1000 - equation:
2iSt = [S, Sxx] + (u+ h)[S, σ3]
the M2000 - equation:
2iSt = [S, Sxx] + (uS3 + h)[S, σ3]
the M3000 - equation:
2iSt = {(µ~S
2
x − u+m)[S, Sx]}x + h[S, σ3]
the M4000 - equation:
2iSt = n[S, Sxxxx] + 2{(µ~S
2
x − u+m)[S, Sx]}x + h[S, σ3]
the M5000 - equation:
2iSt = [S, Sxx] + 2uSx
where v0, µ, λ, n,m, a, b, α, β, ρ, h are constants, u is a scalar function(potential),
subscripts denote partial differentiations, [, ] ({,}) is commutator (anticommu-
tator),
S =
(
S3 rS
−
rS+ −S3
)
, S± = S1 ± iS2, r
2 = ±1 S2 = I.
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5.2 The 1-class of spin-phonon systems
The M1100 - equation:
2iSt = [S, Sxx] + (u+ h)[S, σ3]
ρutt = ν
2
0uxx + λ(S3)xx
the M1200 - equation:
2iSt = [S, Sxx] + (u+ h)[S, σ3]
ρutt = ν
2
0uxx + α(u
2)xx + βuxxxx + λ(S3)xx
the M1300 - equation:
2iSt = [S, Sxx] + (u+ h)[S, σ3]
ut + ux + λ(S3)x = 0
the M1400 - equation:
2iSt = [S, Sxx] + (u+ h)[S, σ3]
ut + ux + α(u
2)x + βuxxx + λ(S3)x = 0
5.3 The 2-class of spin-phonon systems
The M2100 - equation:
2iSt = [S, Sxx] + (uS3 + h)[S, σ3]
ρutt = ν
2
0uxx + λ(S
2
3)xx
the M2200 - equation:
2iSt = [S, Sxx] + (uS3 + h)[S, σ3]
ρutt = ν
2
0uxx + α(u
2)xx + βuxxxx + λ(S
2
3)xx
the M2300 - equation:
2iSt = [S, Sxx] + (uS3 + h)[S, σ3]
ut + ux + λ(S
2
3)x = 0
the M2400 - equation:
2iSt = [S, Sxx] + (uS3 + h)[S, σ3]
ut + ux + α(u
2)x + βuxxx + λ(S
2
3)x = 0
8
5.4 The 3-class of spin-phonon systems
The M3100 - equation:
2iSt = {(µ~S
2
x − u+m)[S, Sx]}x
ρutt = ν
2
0uxx + λ(~S
2
x)xx
the M3200 - equation:
2iSt = {(µ~S
2
x − u+m)[S, Sx]}x
ρutt = ν
2
0uxx + α(u
2)xx + βuxxxx + λ(~S
2
x)xx
the M3300 - equation:
2iSt = {(µ~S
2
x − u+m)[S, Sx]}x
ut + ux + λ(~S
2
x)x = 0
the M3400 - equation:
2iSt = {(µ~S
2
x − u+m)[S, Sx]}x
ut + ux + α(u
2)x + βuxxx + λ(~S
2
x)x = 0
5.5 The 4-class of spin-phonon systems
The M4100 - equation:
2iSt = [S, Sxxxx] + 2{((1 + µ)~S
2
x − u+m)[S, Sx]}x
ρutt = ν
2
0uxx + λ(
~S2x)xx
the M4200 - equation:
2iSt = [S, Sxxxx] + 2{((1 + µ)~S
2
x − u+m)[S, Sx]}x
ρutt = ν
2
0uxx + α(u
2)xx + βuxxxx + λ(~S
2
x)xx
the M4300 - equation:
2iSt = [S, Sxxxx] + 2{((1 + µ)~S
2
x − u+m)[S, Sx]}x
ut + ux + λ(~S
2
x)x = 0
the M4400 - equation:
2iSt = [S, Sxxxx] + 2{((1 + µ)~S
2
x − u+m)[S, Sx]}x
ut + ux + α(u
2)x + βuxxx + λ(~S
2
x)x = 0
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5.6 The 5-class of spin-phonon systems
The M5100 - equation:
2iSt = [S, Sxx] + 2uSx
ρutt = ν
2
0uxx + λ(f)xx
the M5200 - equation:
2iSt = [S, Sxx] + 2uSx
ρutt = ν
2
0uxx + α(u
2)xx + βuxxxx + λ(f)xx
the M5300 - equation:
2iSt = [S, Sxx] + 2uSx
ut + ux + λ(f)x = 0
the M5400 - equation:
2iSt = [S, Sxx] + 2uSx
ut + ux + α(u
2)x + βuxxx + λ(f)x = 0
Here f = 1
4
tr(S2x), λ = 1.
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